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1. Introduction 

One of the interesting features to come out of studying hydrodynamics of quantum field the- 
ories via holography [Q, |2| is the discovery that there are macroscopic transport coefficients 
in the hydrodynamics which probe the global anomalies in the microscopic theory ||, ^, |(| . 
Since the anomalies are exact objects in field theory, this leads to the hope that there are 
certain transport coefficients of interacting field theories which can be exactly computed 
by relating them to underlying anomalies. 

Son and Surowka in ^ constrained various such first order transport coefficients using 
the consistency of the (3+l)d-anomaly with the second law of thermodynamics. Motivated 
by the form of their answer, we propose a generalization of the anomaly induced charge 
and energy transport in arbitrary dimensions and show that the form is consistent with 
the second law 1 . 

We will argue that the simple form of anomaly induced transport presented in this 
paper exhausts all constraints on anomaly induced transport (at arbitrary order in hydro- 
dynamic derivative expansion) that can ever be derived from second law considerations 

1 Recently, there have been indications that there might be additional transport ^ induced at finite 
temperature by the mixed gravitational anomalies^, |Io| in (3+l)dimensions at least in free theories. All 
these results generalize the results of various old calculations in the literature [ O , p^ , [t3[ |l^, [l^, . However, 
a general argument linking these transport to mixed anomalies in an arbitrary interacting system is presently 
lacking (at least the author is unaware of any such argument in the literature). 

In this article, we will neglect such additional contributions and focus only on purely global anomalies. 
However it is possible that the succinct forms of the global anomaly induced transport presented in this 
paper will lead to a suitable ansatz taking into account gravitational anomalies. 
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alone (in a flat spacetime). This is achieved by solving the second law constraints off-shell 
without resorting to hydrodynamic equations at lower orders in derivative expansion 2 . 

The particular form of anomaly induced transport that we propose has various struc- 
tural features and we resort to a specific notation which exhibits these features clearly. 
We begin by establishing the relevant notation/formalism in section . In particular, we 
introduce a useful notation which streamlines the entire discussion. 

We present the advertised generalization in the section §^ and prove its consistency 
with the second law. In the next section §Q we restrict to (3+l)dimensions and show that 
under particular frame redefinition, the results in are recovered. We conclude in §|sj with 
the discussion of various issues and future directions. 

In the appendix we discuss possible finite temperature corrections to the anomaly- 
induced transport . These corrections represent other possible non-dissipative transport 
which are very similar in their structure to anomaly induced transport phenomena and are 
interesting in their own right. 

In the next appendix §|B], we present various expressions relevant for dimensions upto 
d = 10 for ready reference. The last appendix §|C] is a summary of various notations 
employed in this paper. 

Note: As this paper was readied for submission, a preprint addressing similar questions 
1 17] appeared on arXiv. 



2. Basic formalism 



We are interested in hydrodynamics of field theories in arbitrary even spacetime dimensions. 
Let us denote the spacetime dimension by In. We will assume that the field theory has a 
global symmetry which has a global anomaly - by this we mean, the covariant divergence 
of the covariant global current 3 is given by a series of terms involving the non-dynamical 
gauge fields associated with this global symmetry. This in turn means that we can use the 
standard 'covariant anomaly' in our discussion - with the anomaly symmetrically shared 
between the currents 4 . 

2 This of course leaves open the possibility that there are additional transport terms which are in general 
induced by the anomaly but are not captured by a second-law type argument. Such terms, if present, would 
be beyond the scope of this paper and their understanding would then crucially depend on finding a field 
theoretical way to derive these transport coefficients in general interacting QFTs. 

3 ln general, the currents obtained by a direct variation of the path integral (the "consistent" currents) 
are not covariant under the shift of the non-dynamical gauge fields. The covariant currents are obtained by 
adding by hand an additional current contribution called the Bardeen-Zumino current Jlq] , Note that such 
ad-hoc additions are allowed in global symmetry currents and would have been illegitimate for any current 
coupled to a dynamical gauge field. 

4 Note that if we wanted to give dynamics to a subset of gauge fields perturbatively, then (assuming we 
start from a path-integral measure which gives the symmetric 'consistent anomaly') we have to add local 
counterterms (called Bardeen counterterms) made purely out of gauge fields in the microscopic action so 
that we shift the anomalies away from the gauged subgroup (A ready reference for Bardeen counterterms 
in arbitrary dimensions is jf^|). Any counter-term can be thought of as a redefinition of the path- integral 
measure, and in this case we are just redefining the measure so that it is invariant under the gauged 
subgroup. 
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We want to study hydrodynamics at finite temperature and cartan chemical potentials 
for the global symmetry. We want to do this in the presence of the non-dynamical gauge 
fields also turned on in the same cartan subgroup 5 . When a global symmetry has an 
anomaly, the constitutive relations in the ideal hydrodynamics are modified - we will find 
it convenient to present the modifications in the following form for the energy, charge and 
the entropy currents 6 

EE etlW + P PV + ConX + U^ anom + 
J S = SU ^ + J S,anom + J S,diss 

where P^ u = + u^u v , pressure of the fluid is p and {e, n l , s} are the energycharge and 
the entropy densities respectively. 

is the velocity of the fluid under consideration which obeys u^u a = — 1. We have 
denoted by {qanom, Jlnom, J$ anom,} * ne anomalous heat/charge/entropy currents and by 
{^tussi Jdiss' J s diss} * ne dissipative currents. These are assumed to satisfy 7 

u ^Qanom = u ^ axiom = u ^^S,anom = ^ 

D^jw = 2f (2.2) 
where D is the covariant derivative including gauge fields and 2P is the global anomaly. 



So, whenever a subgroup is gauged, all currents get corrected due to a Bardeen current coming from 
these additional terms which is a function of various gauge fields. These Bardeen counterterms depend on 
the details of the subgroup that is gauged and the effect of these terms on the final hydrodynamics depends 
further on the details of the quantum gauge dynamics at finite temperature/chemical potential. 

The results derived here might be of some relevance to such mixed anomalies between global symmetries 
and gauge redundancies only if this gauge dynamics is perturbative, i.e., if the theory is 'weakly gauged' in 
which case the effect of Bardeen terms can be accounted for perturbatively. 

5 Note that these non-dynamical gauge fields violate the conservation of the global charges. Thus, by 
introducing chemical potentials for these charges, we are making an implicit assumption that this non- 
conservation is in some sense 'small' enough that it makes sense to talk about local thermal/chemical 
equilibrium within each fluid element. 

6 Note that we do not include any tensor corrections to the energy momentum tensor due to the anomalous 
transport. As will be seen later, the second law considerations do not constrain such terms and hence such 
terms do not fall into the ambit of the anomalous transport terms considered in this paper. It is of course 
possible that more microscopic considerations lead to additional transport phenomena which a second law 
argument is blind to. Further, in specific theories, anomalies might, in consonance with other features of the 
theory, lead to specific phenomena which cannot be captured by any such general analysis. All subsequent 
analysis is subject to these caveats. The author wishes to thank Jyotirmoy Bhattacharya for emphasizing 
this point. 

7 Note that we do not insist on particular frame conventions that need to be used for the dissipative parts 
of the constitutive relation. So, most of what we say would work in any frame provided the frame convention 
does not explicitly forbid the forms in which anomalous pieces appear in our equation. For example, one of 
the commonly employed frames is the Landau frame where terms like qinomU^ are explicitly forbidden. To 
figure out the anomaly-induced transport in such frames, one needs to first shift to a frame which allows 
such terms, add the transport in the new frame and then shift back. The author wishes to thank Jyotirmoy 
Bhattacharya and Sayantani Bhattacharyya for discussions related to this point. 
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anom 



a nam 



(2.3) 



Now the rate of entropy production is given by 

= [TD^s + /^n* - D„e) + D^u^ [Ts + - (e + p)] 

"I" JanomEifi ~ Mi^l + ^-^fiJ^anom + fliD^ J a n 0m ~ (-^V a v) a ai 
= Janom,Eifi ~ V-v& + ^ ^^S,anom ^i^^anom ~ (-^V + a i J ) C lai 

where £7ju = Fi^ u u v is the rest frame electric field and = (u.D)uu is the acceleration 
field. 

The second law of thermodynamics is the assertion that the RHS of the above equation 
be positive. If we assume that the anomalous transport terms do not contribute to the 
entropy production then we get the standard second law constraint on the dissipative part 
when there is no anomaly, viz., assuming 

iPfl + a n) a anom ~ J ^anom-^ifi = TDi_iJg anom + Mi [^aJ a nom ~ ^ ] (^-4) 

we get the second law constraint as 

TD,4 4lss + IHD^Jt. + [D^Zs ~ Jt,dissF7] > (2-5) 



Note that if we can find even one solution that satisfies equation( |2.4D , we can use that to 
reduce the second-law to the usual non-anomalous case . 

To be useful this way the solution should be an 'off-shell' solution i.e., we should be 
able to show that it is a solution without any further use of the conservation equations 
which involve dissipative contributions from various orders 8 . The main result of this paper 
is to demonstrate by constructing a solution that this can always be done in arbitrary 
dimensions 9 . 

It is convenient to write the equation( ^.4[ ) in terms of forms. To this end, introduce 
the hodge dual 2n — 1 forms {J s, anom-, Qanom-, J anom) ■ We remind the reader that in 2n 
dimensions, given any 2n — 1 form V hodge-dual to and a 1-form A^, we have 



DV = (D^W) Vol 2n 
AAV = -V AA = A^ Vohn 



(2.6) 



So the equation(2.4) can be recast as 



T D Js,anom — T)Q anom -\- d A Qanom ^ anom ^ fti ^ anom ^ ] 



8 In particular, this is not true of the solution presented by Son and Surowka in fm since they use the 
ideal fluid equations of motion. 

9 Note that if we succeed in finding one such solution without any entropy production we would have also 
demonstrated by construction that there is a piece of transport linking second law and anomalies which is 
non-dissipative. Hence, our assumption about the non-dissipative nature of anomalous transport would be 
justified in hindsight 
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where 2T = 21* Vol2 n is the 2n-form Hodge dual to the 0-form 21*. 

Now, we turn to a more detailed analysis of the anomaly. Let Fi be the field-strength 
2-form and we have already defined the electric 1-form via E^ = Fi^ v u v '. We can do an 
electric-magnetic decomposition 

Fipuv [UfiEiiy Ei^iii/] = B,i^ u (2-8) 

or in the language of forms 

Fi = Bi + uAEi (2.9) 

where B, L is the magnetic 2-form completely transverse to u^, i.e., Bi^ u u v = 0. In fact if 
our spacetime dimension is 2n, in the rest frame of the fluid Bi can be thought of as 2-form 
in 2n — 1 spatial dimensions. This in particular means that 

B h A B i2 A B i3 . . . A B in = (2.10) 

where i^s are the flavor indices. 

We will also use the standard decomposition of the velocity gradients 

6 

D lx u l/ = a lxl/ +u} lxl/ -u lx a l/ + j—^P lxl , (2.11) 

in terms of the shear strain rate a^, the vorticity uj^, the acceleration a M and the expansion 
rate 6 of the fluid. This in particular means the exterior derivative of the velocity 1-form 
has the decomposition 

Du = 2uj-uAa (2.12) 
where u) is the vorticity 2-form. Further, using DFi = D 2 u = 0, we get 

DBi = DFi -DuAEi + uA DEi 
= -Du AEi+uA DEi 

= -2uj A Ei + u A {DEi + a A Ei) (2.13) 
2Du> = Du A a - u A Da = 2uj A a — u A Da 
D(Bi + 2fiiu) = -2uj A (Ei - Dm - am) + u A {DEi + a A Ei - Da) 

We can write the anomaly in 2n dimensions in the form 

2^o = (rwmia.-.in^ A F i2 A F i3 . . . A F in 

"• , (2-14) 

= j—-ye^^B H A B l2 A Bi 3 ... A B in _, AuAE ln 

where (J^oui2«3-«n j s anomaly coefficient which is completely symmetric in all its indices. 

All our subsequent expressions will be linear in the anomaly coefficient. We will exploit 
this by introducing a notational trick which simplifies the presentation. We will begin by 
doing a replacement 
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where we have replaced the anomaly coefficient with a bunch of fictitious parameters. This 
turns the above equation to 

%i = t i(t^V = t i (j- B T AuA u E \ (2.15) 
n\ (n — 1)1 

we can always restore the original expression by doing the reverse replacement 

-po-jii -j-in |_v (gioil—in 

We will further find it convenient to do a formal sum over all the even dimensions, writing 10 

# = f e tF = fe*- 3 AuA (t.E) (2.16) 

Hence, in the following, to obtain the formulae for 2n dimensions we have to Taylor-expand 
in t l s, take the terms with n + 1 number of t l s and do the replacement 

j-io-f-h fin ^ (£ioii... in 

where (£ l0 * 1 '" l ™is the anomaly-coefficient of the theory. 

3. Anomalous transport in General dimensions 

We now want to present a solution for the equation( |2.7D which we repeat here 

T D Js : anorn ~i~ l^i ^ anom ^ ] — Dq anom -\- Ct A Qanom "I - J anom ^ (^"^) 

We remind the reader that this is physically the statement that the anomalous transport 
leads to no entropy production. One simple solution of the above equation valid in arbitrary 
dimensions is 11 



(2t.fi uj - I) e *-(B+2MW) + e LB 



"anom 



J S, anom — 



e t.(S+2 M u;) _ e t.B 



2lo 



4co 2 

b" 

A u 



A u 

(3.2) 



where we have used the notation introduced in the previous section to present the solution in 
arbitrary dimensions in a nice succinct form. This is the central result of this paper and we 



10 Note that we are denoting the formal sum over arbitrary dimensions by the same symbols as those used 
to denote quantities in a specific dimension. This is analogous to the notation used when say we want to 
represent anomaly polynomials by formal sum over all even dimensions. We hope the reader does not find 
this too confusing - our main motivation for this notation is that we believe it more clearly exhibits various 
structures associated with the anomaly-induced transport. 

11 Note that while these solutions as presented have cu in their denominators, they have a smooth uj — > 
limit. 



-6- 



will now demonstrate that this is indeed a solution. In our notation, this is straightforward 
. Using the results in equation( |2.13| ), we have 



Dqanom + a A q a 



[(2t.fi u - l)t.(E - Dfi - ay) - (Dfi + afi)} e L( - B+2 ^ + (t.E)e tB 



2uj 



A u 



(2t.fi u - l)e L( - B + 2 ^ + e LB 



2u 



(3.3) 



D P 



t.(E -Dfi- ay) e ^ B+2 ^ - (t.E)e tB 



A u 



(3.4) 



fi p t.(B+2nu) _ e t.B 



fii [DJ l anom - f e LB AmA (t.E)] - [Dq anom + a A q an om + JLom A E i. 
~ e t.(B+2^) _ (2t.yu + l)e t B ' 



2oj 



(3.5) 



Note that in the last line every term is a 2n form in 2n dimensions made only out of the 
'spatial' forms u and Bi and any such form vanishes. Hence, we conclude that this is indeed 
the required 'offshell' solution. 

Further it is interesting to note that our solution satisfies a First law-type relation 



Oq, 



a jk 

anom uu anom , \ 

Atfc n = ~t (t.fl) 



dfii dfii 

and a generalized Onsager- type Reciprocity relation 



t.(B+2[tuj) 



A U 



(3.6) 



Sq a 



1 S P 

_ _ _ anon 

2 5lo 



(2t.fi oo - i) e *-(£+2/*0 + e t-B 



4w 2 



A u 



(3.7) 



This means we can think of both the heat and the charge current as generated from a 
formal object V an om 



- _ 1 fiVanom 

Qanom — ~~ : A U 



J' 



v„ 



2 5uj 

oVanom 

SBi 



A u 



(3.8) 



e t.(B+2^u) _ e t.B 
2~U! 



Note that V a nom is a formal spatial 2n-form in 2n dimensions whose role is similar to the 
anomaly polynomial which is a formal 2n + 2 form in 2n dimensions. 
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Further, we can think of these currents as derived from a single expression for the 
anomaly induced Gibbs free energy current Qanom 



P 

n 



e*-0B+ 2 M -e tB (2t.fi u + 



(2uf 



2lo 



[V a 



Vanom(u = 0)} A U 



dfii 

og 

anon i 



(3.9) 



dT 



Qanom Qanom 1 Js,anom anom 



4. Comparison with Son-Surowka result 

In d = 4 case (when n = 2) we get the following result for the anomalous transport 

a* 

2! 

Qanom ^ ^ l^il^j 



^ k FjAF k 



1 D 2 

2 + 3^ feW 



A u 



T 

^anor 
Js ,anor 

we take the Hodge-duals to get 

2f = 



Hanom 



-e jk Hj [B k + fi k u] A u 







1 2 

2 3^ fcW 



Tin 

" anom 
S,anom 



1 

2! 



To compare with 
to get 



we first define 



-C ijk , B^^ x °B iuX u a and a" = 



ST 



'danom 



o 

r" 7 //,//, ' 



5, anom 



(4.1) 



(4.2) 



(4.3) 
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Son and Surowka presented their results in the Landau frame (where q^ = 0) to first order 
in derivative expansion. The most general frame-change at this order leads to 



vF 1 (->■ vF 1 + bvP + . . . 

q** t-> q* 1 + (e + p)8u tl + ... 
jv + n i§ u » + . . . 

J s^ J s + s6ufl + ■■■ 



(4.4) 



Hence to set q^ = we choose = —j^, which gives 



21' 



Hanom 



Tip 

° anom 



1% 

S.anom 



C* k vL j [B£ + MQi>] 



n 



e + p 



e + p 
2 



+ ... 



2 
3' 



+ . . . 



(4.5) 



+ 



1 



T(e + p) 



1 -u 2 

2 fc + 



+ . . . 



7 Z M 1 

^ + -Wmnj [B% + ntfj>\ + ... 



in 

anom 



+ ... 



which is exactly the expression obtained in |7]]. 

Certain comments are in order - as the manipulations which lead to the above ex- 
pressions make it clear, the expressions above get corrected at the next order in derivative 
expansion and in all subsequent orders. To find these corrections in the Landau frame, 
one needs to know the higher derivative pieces in the constitutive relation and th resultant 
corrections to the equations of motion. - hence, this is an 'on-shelP solution unlike the 
'off-shell' solution we started with 12 .The beauty of the solution presented in our frame is 
that the solution is independent of all such detailed transport coefficients at lower orders 
in derivative expansion. 

This exercise can be repeated in arbitrary dimensions in the Landau frame and the 
conclusions are similar. Whereas the leading order pieces in the anomalous transport can 
be determined via leading order equations of motion, the subleading orders require the 
knowledge of more pieces in the constitutive relation. This difficulty is again an artifact 



12 This statement holds true even for the additional terms proportional to temperature proposed in 
See appendix ^] for a more detailed discussion of such extra terms in arbitrary dimensions. 
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of working in the Landau frame : our solution gives a way of relaxing the second law 
constraints back to the non- anomalous case in most other frames. Given the complete 
constitutive relation, one can always frame-transform our solution to the Landau frame to 
get the anomalous transport to any order one wants. 



5. Discussion 



In this paper, we have proposed a form for the anomaly-induced transport in arbitrary 
even dimensions motivated by consistency with the second law. This transport takes a 
very suggestive form and it is tempting to speculate that this is related to some sort of 
an index-like object, especially since the anomalies themselves are computed by various 
indices. 

We will present a particular suggestion for what this index might be. In presence of 
anomaly, the rotational equilibrium states get deformed because of the anomaly-induced 
transport. By taking a thermal density matrix of free chiral fermions on 5 2n_1 x R with 
chemical potentials for angular momentum/charges turned on, we should be able to see 
the transport proposed in this paper 13 . This suggests that we are looking for a related 
index of some bundle on S 2 '" 1 ^ 1 x S 1 with various appropriate twists. It will be nice if 
we could make this proposal precise. By fluid-gravity correspondence, similar rotational 
equilibrium states in large N strongly coupled theories are dual to blackhole solutions of 
Einstein-Maxwell-Chern-Simons actions in global AdS2n+i- It is an interesting question 
whether these gravity solutions can be constructed exactly 1 . 

As we have mentioned at various points in the paper, we have completely ignored the 
issue of pure and mixed gravitational anomalies in our discussion. Hopefully, the simple 
solution given in this paper and the methods used to construct it can be generalized to 
gravitational anomalies. The structure of various finite temperature corrections (discussed 
in Appendix §|A| ) and the 3 + Id free-theory computation of [1C] suggest relations between 
gravitational anomalies and various finite temperature corrections , but there is no definitive 
argument (apart from the statement that they have similar symmetry structure) to link 
these two. It would be instructive to see whether for free theories in arbitrary dimensions we 
still have a relation between finite temperature corrections to anomaly-induced transport 
on one hand and the coefficients of anomalies involving gravity on the other hand 15 . It is 
also worthwhile to independently understand these finite temperature corrections in various 
theories, as some of them violate CP and hence might of some phenomenological relevance. 

The discovery of anomalies and their various effects have led us to a deeper under- 
standing of QFTs with Lorentz-invariant ground states. While various effects of anomalies 
in finite temperature and finite density have been explored by now, we still lack a complete 
framework to encompass various anomaly-induced finite temperature/density transport. 
We hope that this work is a small step towards that broader goal. 

13 Note that this is a very similar computation to the ones performed by Vilenkin JH], ^[ [hJ [n| 
in flat-space in (3+l)d. 

14 The author wishes to thank Mukund Rangamani for related discussions. 

15 This for example might be achievable by computing these coefficients in kinetic theory of chiral fermion 
gases in arbitrary dimensions [EOf. 
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Appendices 

A. Finite temperature corrections to anomaly-induced transport 

In the main text of this article we presented a solution to the equation (2.7) 

TDJs,anom ~\~ fti ^ anom ^ J — Dq anom + CL A Qanom J anom ^ 

with T = t i e t - B AwA (t.E) in the form 

' '(2t.fi u - l) e *-( B + 2 /M + e LB ~ 



(A.l) 



V 



e t.(B+2aui) _ e t.B 

2oj 



A u 



A u 



(A.2) 







In this appendix, we will examine the uniqueness of this solution. Since we are solving 
an inhomogeneous linear equation, the difference between various solutions of this equation 
satisfies the homogeneous equation 



TDJs,rev + HiDJ l rev = Dq rev + a A 

Qrev J rev ^ 



(A.3) 



We have used the suffix rev to denote that physically these denote transport processes 
which do not result in entropy production and hence are reversible. Evidently, it is too 
ambitious to try to classify all possible reversible transport processes which can happen in 
hydrodynamics, so we will content ourselves with describing some classes of solutions to 
the above equations which are close in form to the transport due to global anomalies. 

In examining the solution-space of the equation (A.l), it is insightful to first prove the 
following theorem 



Theorem. Consider a V an om of the form 

(f[Bi + 2inu]-f[Bi]) 



2lu 



T 2 uj AQ[Bi + 2fiiUj,Tuj} 



(A.4) 
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where f and q are some Taylor- expandable functions 16 at the origin (i.e., are analytic at the 
origin). Construct from this the following currents 

Qrev = [Vanom Vanomi^ = 0)] A U 

_ SVgnom _ p rp j , Ji 

Qrev — 2 — yrev T J JS,rev T" m^rev 

a~V dG 

ji _ u v anom _ <^Vrev 

J rev ~ ~ /\U — — - 



Js,rev — 



SBi dm 

dQrev 

dT 



Then they satisfy 



TDJ s , re v + m [Df rev - s^fg. AuA E ?j = D <lrev + a A q rev + J\. ev A ^ (A.6) 



Notice that the main solution of this paper appears as a special case of this general 
theorem (with f[Bi\ = e t,B and g = 0). At least in this subspace of solutions this is the 
unique solution at zero temperature. 

It can be checked by explicit computation that these class of solutions satisfy first-law 
type relations 

dq anom dJs,rev 9J rev 

dT 8T ^ k 8T 

dqanom m^Js.rev . &J rev 

dm dm dm 

and a generalized Onsager- type Reciprocity relation 

OQrev _ 1 $J rev 

TEL ~ 2 5u 



(A.8) 



Now, it is clear that if we take f = 0, we get a large class of homogeneous solutions 
that we want. In 2n dimensions, q takes the general form 

= E fcL-i-fcv A ^"' lk{B + 2/UW)n A • • • {B + 2fluj)tk (A - 9) 

fc=0 '' 



16 If wc only want the parts relevant to 2n spacetime dimensions, we can take treat f and g as (n + l)th 
and (n — l)th degree homogeneous polynomials of their arguments respectively. This makes V an om into a 
formal spatial 2n form. 
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where g^ li2 "' 4fc is some invariant tensor of the global symmetry 17 . 

Note that this construction which we just outlined is a generalization of the finite 
temperature corrections in (3+l)d proposed by the authors of ||. In (3+l)d, for example, 
n = 2, we can take 



= flo(Tw)+0i(B + 2/xw)i 



(A.ll) 



which gives 



V 



Js,i 



-T^Bi + Qr 3 0o + TWi ) - 



-T 



^g\Bi + (T 0O + 2g\ni) u> 



A u 



-T 2 q[uj A u 



g\Bi + ( -T 0O + 2 Q \ fM ) co 



A it 



A u 



(A.12) 



and these exactly correspond to the finite temperature corrections proposed in Q, provided 
we shift to the Landau frame using the procedure described in section §|4]. 

The (3+l)d free fermion calculation 18 in gives q\ oc tr T % , i.e., q\ is non-zero in 
free fermion theories if and only if there is a mixed gravitational anomaly. It is unknown 
what happens in interacting theories. As far as the author is aware go has never been 
calculated in free theory or otherwise. Given that the associated transport violates CP, it 
might be of some phenomenological relevance as a possible measure of CP violation (say 
in the early universe). 

A similar exercise can be repeated in arbitrary dimensions to get the finite temperature 
corrections from the equations (A. 5) and (A.9|) . 



B. Explicit expressions in various cases 

In this appendix, we present the explicit solutions for B = and uj = followed by the 
explicit solutions for all even dimensions till d=10. 

17 Curiously, such invariant tensors inevitably occur for odd n ~ k (only odd n — k occur if g is taken to 
be an even function of Tui ) whenever there is a mixed global-gravitational anomaly of the form 

71 

DJH D E k U n *l +lV Tr ( Rn ~ k+1 ) A 8* "'^ A ... A F ik (A.10) 

k=l '' 

hence it is interesting to speculate that theories with mixed anomalies generically have this kind of transport 
- in fact, something like this happens for free fermions in (3+l)dimensions but the question of whether 
such a relation continues to hold for strongly coupled theories with same coefficient is open. 

More generally, there is the question of finding the transport consistent with the second law in the 
presence of mixed anomalies which is yet to be answered. 

18 Also see old calculations by Vilenkin in the context of neutrinos O, [TJ], E3], []~J, [TJ, |l6j |. 
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All these follow from our solution - keeping only parts relevant to d = 2n dimensions 
n! 

[t.(B + 2fiu)] n+1 - [t.B} n+1 
(2w)(n + l)! 

[t.(B + 2nu)] n+l - [t.B] n+1 - (n + l)[2t.fiuj][t.B] n 

(2^) 2 (n + l)! (B1) 



V a 
Qa 



(n + l)[2t.H [Mg + 2^)] n - [t.{B + 2/iw)] ri+1 + [t.B] n+1 

(2u) 2 {n+l)\ 

[t.(B + 2fiuj)} n - [t.B] n ~ 



P = —t l 

anom 



A u 



A u 

J S, anom = 

B=0 case : Chiral Vortical Effect 

We now present the answer in arbitrary dimensions when the gauge fields are turned off 



21* = 

1 



Janom 



(n + 1) 



Qanam = ~ , " ^, C^"^/^/^^ . . . ^ n (2w) n - 1 A U (B.2) 
Js,anom = 

This gives the chiral vortical effect in arbitrary dimensions due to the anomaly. Note that 
it is still present when the anomaly itself has been turned off. 

uj=0 case : Chiral Magnetic effect 

We now present the answer in arbitrary dimensions when the vorticity is turned off 

■Xt.FT 



2T = t l 



1 -e° i ^--- l ^ l0 fi il B t2 B t3 ...B tn Au 



(B.3) 



™ m 2!(n - 1)! 

Qanom = ~ <2\^ n 1)1 ^ " ™ Mio Mil -^2 -^»3 ■ ■ ■ A It 

7* — \ II" ... R. R. R. A,. 

J anom — ^ _ j)! ^ n ^ l 3 - - ' ' N " 

J S, anom = 

This gives the chiral magnetic effect in arbitrary dimensions due to the anomaly. 

We now present the explicit solutions for all even dimensions till d=10 for ready ref- 
erence. 
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d=2 



d=4 



d=6 



Vanom = — & k [HjB k + /J^ k ' 
1 AV 



1 SVanom _I £ ij„2 
■ 2 <Jw ■? ^ 



lanom ^ 

— — Au = —d J jJLjU 



(B.4) 



anom ~ ~6B i 

1 dVanom . „ 

t: 7^ — A« = 

2w BT 



- 1 5V aft0 j 



Qanom 



Qanom 



A u 



r i 2 

Vanom = -& kl Hj -B\ x + B k A ^jW + -/i^W 

"1 2 

2 + 3^ fcW 

[B k + /i fc a;] A u 



— 1 " ' ItlH 

Qanom = „ J 
2 OW 



SVanom . 

— ft; — ^ n 



(B.5) 



A u 



J'anorn ^g. 

1 dVanom . „ 
^ — A« = 



j 1 u Vanoi 

•JS.anom — ~ orT1 

2w 01 



y — _£jklm . 

^anorn — *~ 



A U 



+|B fc A/i? m w 2 + ^ Jro w 3 



A u 



_ 1 SVanom 

Qanom — 2 ^ 

2 1 

- -B k A + -uliUJ 2 



(B.6) 



— ft; — ^ U 



jB kl + -J3 fc , 



A u 



ji u v ana 

J anom ~ ^gT 



7 1 9V an0 m . n 



1 2 



A it 
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a* = 



^ pijklm p4 
4] r jklm 



Vanom — -C jklmn flj ^B klmn + --Bfc2 m A /X n U; 

7~)2 2 2"^7~) 3 3 ^4 

+ 3^/ A ''mn^ + g- 8 * A ^/mn w + J^^klmn^' 



A u 



■Janom — 



'rn 



A ii 



_ 1 5V a noTO 

Qanom — 7T r ^ 

2 



>ij 



+ \ B k A tf m U> 2 + ^MfclmW 3 



A u 



J anom ~ A n 



+ \ B k A /iL^ 2 + 



A u 



7 1 S^anorrt n 

</*,„ = An = 



_ 51 jklmn 
1 



Vanom — v» 



■Janom — 



Y^^Mmnp + ^ B klmn A Mp w + g B klm A Mnp a 
+ g 5 fci A fi mnp UJ 3 + — -Bfc^Lnp^ 4 + -^Vklmnp^ 



I ^ rf-i jklmn 4 

4!2! M " 



rf-ijklmn , ,2 r>A 

'214! ^ fc ' 



'' ^tjklmi 2uJ ) 2 B mn + g^^^™" ' ^ijk( 2u} ) B lmn 



'klmn 



A 1i 



_ 1 gVqwom A _pijklm,n, 
'Janom — 2 — 



MiMj ^ B klmn + g B klm A Mn^ 



+ ^ B kl A Vlin^ 2 + y^T-Bfc A ^Ln^ 3 + g^fcimn^ 4 



A 1i 



J 1 

a n 



5V a 



SB; 



A u 



-e 3 



klmn 



Hj 



^^klmn + Q^klm A Mn w 



Js,, 

C. Notation 



+ A I'm^ + ^ B k A rt mn W + — U klmn LO 

A u = 



A it 



(B. 



2w <9T 



We work in the ( — h + • • •) signature. The dimensions of the spacetime in which the fluid 
lives is denoted by d = In. The Greek indices fj,, v = 0, 1, . . . , d — 1 are used as space-time 
indices, whereas the Latin indices i,j,k... are used as the flavor charge indices. . 

We denote Hodge-duals by an overbar - for example, Jj is the 2n-l form Hodge-dual 
to the 1-form Jj. We mostly just use the Hodge-duality between 1-forms and 2n-l forms 
and our conventions are completely defined by the following statement- given any In — 1 
form V hodge-dual to V u and a 1-form A u , we have 



DV = (D^) Vol 2n 
A AV = —V A A 



Vol 2n 



(C.l) 



Given a 0-form a its Hodge-dual 2n-form is simply a = a Vo^n- 

We have included a table with other useful parameters used in the text. In the table |C], 
the relevant equations are denoted by their respective equation numbers appearing inside 
parentheses. 
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Table of Notation 


Symbol 


Definition 


Symbol 


Definition 


u^, u 


Fluid velocity, 1-form 








Spacetime metric 




+ u^u v 


£ 


Fluid energy density 


p 


Fluid pressure 




Fluid charge density 


S 


Fluid entropy density 


Hi 


Chemical potentials 


T 


Til • 1 j j_ 

t luid temperature 




Energy-momentum 


jiu 


Charge currents 




tensor of the fluid 




with anomalies 


J S 


Entropy current 




Anomaly coefhcient 


a 

Qanom 


A 1 " 1 1 

Anomaly-induced 


Qanom 


TT 1 J 1 J? A* 

Hodge-dual of qanom 




heat current 




2n — 1 form 


'Janom 


Anomaly-mduced 


1 

^ anom 


Hodge-dual Of Janom 




Charge current 




2n — 1 form 


J * < 

S,anom 


Anomaly-mduced 


<J S,anom 


tt i i i r 

Hodge-dual of J£ OBom 




Entropy current 




2n — 1 form 




non-dynamical gauge 




Rest frame electric 




held strength, 2-torm 




held rifj, u u , 1-form 




Rest frame magnetic 


21' 


Anomafy m the 




fields Fi -u A Ei 




ith current DJ l = 21* 


a u , a 


Acceleration field 


Da 


Flavor /Lorentz 




(u.D)uu, 1-form 




Covariant derivative 


0~fiu 


Shear strain rate 




Fluid vorticity, 2-form 


Vanom 


A formal spatial 2n-form 


Qanom 


Anomaly- induced 




encoding anomalous transport 




the Gibbs current (Hodge dual) 
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